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ANNOTATSIYA
Ushbu magola orgali sodda ammo juda ko ‘p Xalgaro olimpiada masalarini
yechishda go ‘llaniladigan Xitoy Qoldiglar teoremasi hagida ma’lumotlarga ega
bo ‘lasiz. Mavzuga doir masalalar va ularning yechimlari batafsil tushuntirilgan.
Mustaqgil yechish uchun yetarlicha masalalar berilgan.
Kalit se‘zlar: tub son, o‘zaro tub son, natural son, koordinatalar tekisligi,
to ‘plam.

ABSTRACT
Through this article, you will get information about the Chinese Remainder
Theorem, which is simple but used in solving many International Olympiad problems.
Issues related to the topic and their solutions are explained in detail. Sufficient
problems are given for independent solution.
Key words: prime number, reciprocal prime number, natural number,
coordinate plane, set.

AHHOTAIIUA

B smoii cmamve 6vl nonyuume ungopmayuro 0 Kumatickou meopeme 06
OCMamKax, KOmopas. npocma, HO UCNONb3Yemcs NPpU peuleHuu MHO2UX 3a0ad
MeNCOYHAPOOHBIX onumnuad. I1oopobHo oceeuyeHvl 80NPOCHL, CBA3AHHbIE C MEMOU, U
nymu ux peuwenus. Ilpusedeno Odocmamounoe Koauvyecmeo 3a0ad  OJis
CaAMOCMOSAMENbHO2O0 PEULeHUSL.

Knwueevie cnosa: npocmoe uucino, napHvie npocmwvie YUCIA, HAMYPATbHOE
YUCN0, KOOPOUHAMHAS NIIOCKOCHb, MHOINCECTNEBO.
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Dastlab Xitoy goldiglar teoremasini keltiramiz:
1-Teorema (Xitoy Qoldiglar Teoremasi [1]). m,, m,, ..., m, juft-jufti bilan
o‘zaro tub va 1 dan fargli natural sonlar bo‘Isin. U holda har biri O dan fargli ixtiyoriy
a,, a,, ..., a, butun sonlar uchun
x = a,(mod m,)
X = a,(mod my,)
x = a,(mod my,)
Taqgoslamalar sistemasini ganoatlantiruvchi x natural son mavjud. Taggoslamalar
sistemasining har ganday ikkita yechimini m = m;m, ...m,, ga bo‘lganda bir xil
goldig qoladi.
Isboti: Avvalo shartga ko‘ra EKUB (ml%) =1,i=12,..,noinli.

Bezu lemmasiga ko‘ra 3b; € N,i = 1,2, ...,n bunda
%bi =1(modm;), i =1,2,...,n.
Demak,

m _ .
Ebiai =aq;(modm;), i =1,2,...,n.

U holda x, = ?:1%191'%' sonini garaylik. Bu son uchun
n
m m
Xog = Z—biai (mod m;) = — b;a;(mod m;) = a;(mod m;), i=1,..,n
. 1mi m;
1=
Bo‘ladi. Ya’ni x, soni teorema shartini ganoatlantiradi.
Aytaylik x; soni ham taggoslamalar sistemasinining yechimi bo‘Isin. U holda
X1 = xog(modm;) = x; —xo = 0(mod m;) > x —x, : m=mym, ..my,.
Teorema isbotlandi. m

Shuni aytish kerakki Xitoy Qoldiglar Teoremasi nafagat mavjudlik hagida balki
berilgan shartlarni ganoatlantiruvchi sonni topish yo‘lini ham ifodalaydi.

1-Masala. xsonini 3 ga, 4 ga va 5 ga bo‘lganda mos ravishda 2,1 va 3 qoldiglar
golsa, x ning gabul gilishi mumkin bo‘lgan eng kichik giymati toping.

Yechim. Masalani yechish uchun bevosita teoremani isbotidan foydalanamiz.
Demakm =3-4-5=60va

60
?bl = 1 (mod 3)

60
sz = 1(mod 4)
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60
?b3 = 1(mod 5)

Tagqoslamalarga ko‘ra
2b, = 1(mod 3)
3b, = 1(mod 4)
2b; = 1(mod 5)

bo‘ladi. Agar yugoridagi taggoslamani ganoatlantiruvchi yechimlar sifatida b, = 2,
b, = 3 va b; = 3 sonlarni olsak,

Xg=20:-2-2+15-1-3+12-3-3 =233
ni hosil gilamiz. Shuningdek 233 = 53 (mod 60) bo‘lganligi uchun x ning eng kichik
giymati 53 ga teng bo‘ladi. m

Bir garashda Kombinatorikaga oidday tuyiladigan quyidagi masalani garaylik.

2-Masala. Koordinatalar tekisligida (x, y) nugtauchun EKUB(x,y) = 1 bo‘lsa,
bu nugta ko‘rinadigan nuqgta, aks holda ko‘rinmas nugta deyiladi.lsbotlang Shunday
100 x 100 o‘lchamli kvadrat mavjudki bu kvadrat o‘z ichiga oladigan barcha butun
koordinatali (kvadratning tomanida va ichida yotadigan) nugtalar ko‘rinmas bo‘lsin.

Isboti: Aytaylik 100 x 100 kvadratning quyi chap uchining koordinatasi (a, b)
bo‘Isin. U holda kvadrat o‘z ichiga olgan barcha nugtalarning koordinatasi

(x,y) =(a+m,b+n), 0<mn<99

Kabi aniglanadi. Demak kvadratning mavjudligi berilgan shartni ganoatlantiruvchi
(a, b) koordinatali nugtaning topilishiga ekvivalent.
Aytaylik p; —ichi eng kichik tub son bo‘lsin. Yani p; =2,p, =3,p3 =5 va

hokazo.
100
a=0 (mod pl-)
AiL=i.

Agar
b = 0(mod p,)
b+ 1 = 0(mod p,)

va

b + 99 = 0(mod p1y0)
bo‘lsa, u holda EKUB(a,b +n) #1, n=0,1,2...,99 bo‘ladi.

Shuningdek
200
a+1=0 (mod 1_[ pl-)

i=101
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va
b = 0(mod p101)
b+ 1 = 0(mod pi192)

b + 99 = 0(mod p,y0)
bo‘lsa, u holda EKUB(a+ 1,b+n) # 1, n=0,1,2...,99 bo‘ladi.

Umuman olganda
100
a=0 (mod Hpi>

i=1

200
at+l= O(mod 1_[ pl-)

i=101

10000
a+9950<mod 1_[ pl-)

i=9901

s 99
b=0 (mod 1_[29100i+1>

1=0

99
b+1=0 (mod r p100i+2>

i=0

.

N

\
va

-

9
Lb +99=0 (mod r P100i+100>
i=0
Bo‘lsa u holda ixtiyoriy 0 < m,n < 99 uchun EKUB(a + m, b + n) # 1 bo‘ladi.
Bu shartni ganoatlantiruvchi a va b natural sonlar Xitoy Qoldiglar Teoremasiga ko‘ra
topiladi.
Demak yugoridagi yechimdan shuni xulosa gilish mumkinki, tekislikda masala shartini
ganoatlantiruvchi nafagat 100 x 100 balki ¥n € N uchun n X n kvadrat ham topilar
ekan. m
3-Masala (USAMO 2008). Ixtiyoriy n natural son berilgan bo‘lsin. Isbotlang
juft-jufti bilan o‘zaro tub bo‘lgan va 1 dan fargli k, k4, ..., k,, natural sonlar mavjudki,
bunda kyk, ...k, —1 sonini ketma-ket kelgan ikkita matural son ko‘paytmasi
ko‘rinishida tasvirlab bo‘ladi.
Isbot: vn € N soni uchun t(t+ 1)+ 1 = kyk, ...k, ni ganoatlantiruvchi
ko, k4, ...k, va t natural sonlari topilishini ko‘rsatish kerak.

O
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Demak Vn € N uchun 3t € N bunda P(t) = t? + t + 1ning kamida n + 1 ta tub
bo‘luvchisi borligini isbotlash yetarli. Chunki agar P(t) =t*+t+ 1 ning tub
bo‘luvchilari soni n + 1tadan kam bo‘Ilmasauni bir biri bilan o‘zaro tub bo‘lgann + 1
ta son ko‘paytmasi ko‘rinishida ifodalash mumkin bo‘ladi.

A={plp€PvadteN, P(t) : p}
to‘plamni garaylik.
Faraz gilaylik A to‘plamning elementlari chekli bo‘lsin. U holda

b= [»

pEA
soni va Vp € A uchun EKUB(P(b),p) = 1 bo‘adi. Ya’ni P(b) sonini A to‘plamga
tegishli bo‘lmagan kamida bitta tub bo‘luvchisi bor. Ziddiyat.
Demak |A| = c. A to‘plamga tegishli n + 1ta py, p4, ..., P, tub sonlarni garaylik va
bunda P(¢t;) : p;, i = 0,1,...,n bo‘lsin. U holda Xitoy Qoldiglar Teoremasi ga ko‘ra
t = ty(mod py)
t = t,(mod p,)

t = t,(mod p,)
Taqgoslamalar sistemasini ganoatlantiruvchi t natural son mavjud. Demak bu t soni
uchun
t = t;(mod p;) = P(t) = P(t;)(mod p;) = 0(mod p;), i =0,1, ...,n.
Ya’ni P(t) = t? + t + 1 sonining kamida n + 1 ta tub bo‘luvchisi mavjud.
Isbot tugadi. m

Mustaqil yechish uchun masalalar

4-Masala (MATH PRIZE OLYMPIAD). Ixtiyoriy n natural son berilgan
bo‘lsin. Isbotlang a va b natural sonlar mavjudki, bunda 4a? + 9b% — 1 soni n ga
goldigsiz bo‘linadi.

5-Masala (IMO 1989). Isbotlang, ixtiyoriy n natural son uchun n ta ketma-ket
kelgan natural sonlar mavjud,bunda bu sonlarning hech biri tub sonning darajasiga
teng emas.

6-Masala (IMO 2009/1). n natural son berilgan. Agar a,, a,, ..., a; (bu yerda
k = 2) sonlari {1,2, ...,n} to‘plamdan olingan turli sonlar bo‘lib,i = 1,2,...,k— 1
uchun a;(a;;; — 1) i nbo‘lsa, a,(a; — 1) soni n ga bo‘linmasligini isbotlang.

7-Masala (APMO 2009/4). Isbotlang ixtiyoriy k natural son uchun, arifmetik
progressiya tashkil giluvchi
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a; az ay
by'b," " by

ratsional sonlar mavjud. Bunda  EKUB(a;,b;)) =1, i=1,2,..,kva

a;,a,, ..., g, by, by, ..., by, sonlarining barchasi turli xil.
8-Masala. (ELMO SHORTLIST 2014). Barcha (a,b,c) natural sonlar
uchliklarini toping, bunda 2014 kichik barcha tub sonlar ko‘paytmasi m bilan o‘zaro
tub bo‘lgan ixtiyoriy n natural son uchun a™ + b™ + n : (n + ¢) bo‘lsin.
9-Masala. a > b > ¢ = 3 natural sonlar berilgan bo‘Isin. Agar
albc+b +c
bljca+c+a
clab+b+a
bo‘lsa a, b, c sonlaridan kamida bittasi murakkab son ekanligini isbotlang.
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