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1 Statement of the problem
We consider the equation

O—Lu—{ Uy — Uy, (z,y) € D1,
(1.1) o Ugpy — Uyy, (T:y) S D2 UDB

where D; is one connected domain bounded by the segments AB, BBy, BoAo, AcA
onthelinesy=0,x=1,y=h, x =0, respectively; D, is a characteristic triangle
bounded by the segment AB of axis Ox and with the characteristics AC;: x +y =0,
BC,: x —y =1 of equation (1) issuing from the points A(0,0) and B(1,0), intersecting
at a point C1 (z: —3); Ds is the characteristic triangle also, bounded by the segment AA,
of axis Oy and with two characteristics AC,: x +y =0, AjC,:y — x =1 of equation
(1.1) issuing from the points A(0,0) and Aq(0,h), intersecting at a pointCz (=3 %),

We introduce the notations: J=AB = {(x,y) : 0 <x <1,y =0},
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I=AA={(x,y) :x=0,0<y<h},D;=D{x >0,y > 0},

D,=DY{x >0,y <0},D3s=D {x <0,y >0},D = D,/D,ID3IJ I, I = {(x,y) : x=10,0
<y<k}L={(xy): x=0k<y<1} k€,

Ji={(xy) :0<x<kypy=0}J2={(xy): ki<x<1y=0} ki €J.

Let P1(P,) and Q1(Q) denote, respectively, the points of intersection of the
characteristics AC1(AC,) and BC;(DC,) with characteristics coming from points Ei(ki,
0) € J(E2(0,k2) € 1),

01 (x) = (/25 —2/2),07 (2) = ((x+ k1)/2; (b1 —2)/2), (1.2)

02 () = (/21 9/2).05(y) = (ke —9)/2: (ko +9)/2)  (1.3)
01(X)(02(y))is the point of intersection of the characteristic AC; (AC,) with a

characteristic emerging from a point */1(:%) (M:0.3)
(x,0) € Ji((0,y) € Ih), 07(=) (03(y)) is the point of intersection of a

1R (F2Q2) characteristicwith a characteristic emerging from a point

M2(x,0) M 2(0,y) (x,0) € J>((0,y) € I,).

The present paper is devoted to the investigation of the problem with Bitsadze-
Samarskii conditions (see [1]) on characteristics AP;and characteristics AC;, EjQ; (j =
1,2) as one family.

BS-Problem. To find a function u(x,y) in the domain D with the following
properties:

) u(x.y) € C(D );

2) u(x,y) € Cx,y2,1 (D1 S AB S AOB0)TCx,y2,2 (Dj\(EjPj SEjQj)), satisfies
equation (1) in the domains D; and D\(E;P; °E;Q;), (j = 2,3);

3) u €  C(D:%J:33,)"C (D2%3:13J,) and on the intervals

Ji(j = 1,2) takes place gluing condition:

Jim y (2,y) = Tim oy (2,9), (2,0) € ) U JQ’ (1.4)
5) u(x,y) satisfies the boundary

conditions
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u=1=91(»),0<y=<h, (1.5)

) a1(x)u[61(x)] + bi1(x)u(x,0) = ci1(x), (x,0) (1.6)
eJ

ax()u[62(v)] + b2(y)u(0,y) = c2(»),(0.y)
el (1.7)
of a different family for a parabolic-hyperbolic equation 3
wlby ()] = pa w05 ()] +01(x), (2,0) € J (1.8)
ul0 ()] = p2 w 03]+ 82(y),  (0,9) € I, (1.9)

where ¢1(y), 6;(t), a;(t), bj(t), c;(t) § =1,2) are given functions, and
1 6= 1,ci(kj) = a(kj)di(k))( = 1,2),c2(0) = c2(0) = 0,(1.10)
a?j(t) + b?%(t) 6= 0,a;(t) + 2b;(t) > 0,vt € [0,k], (1.11)

#1(y) € C[0,n]'C*(0,h),01 (x) € C*(J 2)'C3(J2), 02 () € C H(1 2)'C¥(1),

(1.12)

aj(t), bj(t), ¢i(t), € C [0, k]'C?(0, k),  =1,2). (1.13)

Notice, that

- Conditions (1.6) and (1.7) are Bitsadze - Samarskii conditions on the
characteristicsAP;.

- Conditions (1.8) and (1.9) are mixing condition, where the non-local condition
point wise links the values of the desired solution to the parallel characteristics AC;and
EQi(=12).

Well known, that the analogs of the Tricomi problem for equation (1) have been
studied in [3] - [5]. The BS-problem for equation (1.1) has not previously been
Investigated.

2 The main functional relations

In the study of the BS-problem, an important role is played functional relations
between v1 (X)(v2 (y)) and 71 (X)(z2 (y)) from the parabolic and hyperbolic parts of the
domain D, where

w(z,0) =7 (z), (z,0)€J, ?}l_r)% uy (z,y) =1 (), (z,0)€.J, (2.1)

https://t. me/goldenbrain_journal Multidisciplinary Scientific Journal June, 2023 345


https://t.me/goldenbrain_journal

GOLDEN BRAIN ISSN: 2181-4120 VOLUME 1| ISSUE 16 | 2023

U(D,’y) = T2 (TJ), (O,U) EI_: ﬂlnl_l;%ul ("Ty) =12 (7})1 (Oy) el (22)
As we know [6], the solution of the Cauchy problem with initial conditions (2.1)

for equation (1.1) in the domain D; has the form:
x+y
wwy) =5 mErn +n-yl+y [wod
2>y (2.3)

By (1.2) from (2.3) we obtain

8]
r T 1 1
wlty ()] =u |5, —=| == [R(0) + ()] + = [ ta(t)dt,
[2 2] 2 2[ (24)
wlo” ()] _u[”z’“, klf] :%[n(kl)+ﬁ($)]+%]ul(t)dt. (2.5)

€T

By (1.10), (2.1), (2.2) from (1.6), (1.7), (1.8) and (1.9) it follows that
71(0) =72 (0) = 0,7 (k1) = 7 (k2) = 0. (2.6)
Substituting (2.4), (2.5) into (1.6) and (1.8), taking (2.1) and (2.6) into account,

respectively, we have

[ay () + 2by(z)] 71 (2) — /1/1 (t)dt = 2¢y(z), (x,0) € Jy

0 : (2.7)
and
0 k1
Z Z
(1 — u1)Ta(X) +vao(H)dt = wgvi(t)dt + 261(x),(x,0) € J 2.(2.8)
X X

of a different family for a parabolic-hyperbolic equation 5

Differentiating (2.7) and (2.8) with x respect to u; 6= 1, respectively, we obtain
the functional relation between z1(x) and v1(x), brought from the domainD; on the J;
and J, which have the forms
v (x) = di(@)ry () — d'y(2)m () = =21 (@), (z.0) € 1 (2.9)
and
v (x) — 71° (x) = 29 (x)A1 — (x,0) € (2.10)
1) ,Ja,
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where d;(x) = a(x) + 2b,(x).

Similarly, using the solution
Yy—x
w@y) = ety s n@-o]-; [nod
sty (2.11)

of the Cauchy problems (see [6] and [7]) with the initial date (2.2) for equation
(2.1) in the domain considering (2.10), (1.7) and (1.9) we obtain the functional
relation between z,(y) and v,(y), brought from the domainDz on the I; and I:

va (y) = da(y)73 (y) — da ()2 (v) = 22 (), O.y) € (2.12)

and

v (y) = 73 (y) = =20"2(y) /(1 = p2) . (0,) € I2 (2.13)

respectively, where da(y) = ax(y) + 2ba(y).

According to the conditions of the BS-problem, passing to the limit as y — +0in
equation (1.1), we obtain the functional relation between z1(x)and v1(x), brought from
the domain D on J:

0 (X) = v1 (), (x,0) € J. (2.14)

Solution of the first boundary value problem with conditions u(x,+0) = 71 (x),
(x,0) € J,u (+0,y) =2 (y), (0,y) € I and (1.5) for equation (1.1) in domain D; has the
form [8], [9]:

v

Y
w () = f Ge (2,y:0,m) 72 (n) dn + [ Ge (2,y: 1,m) 1 () dit
0

0

1
Z

+ G(xy;¢.0)r (Q)de, (2.15)
0

where

e y—n . e T ]
Gxy; &En)= WV 2 .

Green’s function of the first boundary value problem for the equation Uy — Uy =
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Differentiating (2.15) with respect to x, we obtain

ywwzZ <2
Ux (X’y) =GfX (X’y; 0,77)72 (77)d’7 +G5X (va; 1!’7)73 (’7)d’7+
0 0

1
Z

+ Gx(X)y; & 0)r (9dS, (2.16)
0
where
GEJJ (:L‘,y‘, Dﬂ?) l .?C +2n ] e Alv—m =

2 “ —

V(Y — ﬂn;go n 2y —n)?

d 1 J:2 1"+2'n
RANTED o \/w(y ) n—%ﬁc’e o (2.17)
) C(z—1+ 2n)* _ %ﬁ

Gﬁx(ﬂf,’y, 117?) 2 y 7] n;m {( y 7]) 4(9—?7)2 ) e ¢ b+

N (2( 1 B (x+1+2n) ) o (m’r;‘-tzp;l!z} _

y=n  4Ay-n)’

of a different family for a parabolic-hyperbolic equation 7
d (z—1 2 (x—142n 2
6 = i(y—n +
~ dy 2¢/7 ( \/ﬂ(y n) n;m
n#0
L 1 Sy S S = Geplm? 2.18)
_ | — ¢ u—n e v=n N .
dn |2/ (y —n) Wrly —n) =
n#0
G (25 € 0) = — io et [5 12 (e + 2n) — T sh2e( + 2n)
=Ty & 0) = e g =c €T n)— E T mn
2 VY n=-—oo Y

(2.19)

Using the formula (2.16) and making integration by parts, taking into account

o,~1/z

(2.17), (2.18) and (2.6), owing to!™= "¢ =0 (2>0) \ye have
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x—142n)2
4(y—n

0 n=—oo

n#0

Yy Yy

v o2 v +00 r1ram?
T /"01(7’) e dy+ —— /"01(”) S e S dnt

0 0 n=—oc

n#0

1

2\/_/ Z =5 ZH [‘Ech%(;ﬂ +2n) — :r: ; nsh2§(m — ZH)] 1 (§) dE.
T (2.20)

According to the conditions of the problem, passing to the limit as x — +0 in

(2.20) considering (4), (2.2) and the identities:

2n—1)2 (2n+1)2 (2n+1)2
E e - E e Aw—m — ¢ yv-m JrQE e Mv—n
n=-—oc n=—oo n=1
n7#0 n#0 ,
2n
E e Ay 115 =2 E e =]

we obtain the functional relation between z,(y) and v,(y), brought from the

domain D1 by I :
va (y) =%Uf ’fr(ﬂ)n 1ﬁ!% o () dn + Fy (y,¢"1,71)
(2.21)
where

+oo 5
Yy, n) =2 e~ v
N (2.22)

142n
F(y,tpl,ﬁ \/_/‘1017?)6 Tw— fﬁdn—{——/@l n)Ze %(y_%Tdn_}_

Ofl i — B [—chtltn — Eshiltn] 71 (t) dt. (223)

3 Investigation of the BS-problem

The following theorem is proved.

Theorem 3.1. If conditions (1.10) - (1.12) are satisfied, then in the domain D
there exists a unique regular solution of the BS-problem.
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Proof. Excluding v, (X) from the relations (2.9), (2.10), (2.14) owing to the
gluing condition (1.4) and conditions (1.5), (1.6), (1.8), u|x=0 = 72(y) considering also
(1.10), (2.1), (2.6) we obtain following problems:

1 (7) — di(2)7] () — d'1(2)71 (7) = =21 (2), (2,0) € Jy, (31)

T1 (0) =0 (0) = T1 (kl) =0 (32)
andg¢s(0) =0,

'y (2) 7 () = _2#15'1(.7:), (2,0) € Jy (3:3)

71 T1(1)=¢1(0). (34)

(k1) =0,
The solution of (3.1) satisfying the first conditions (3.2) can be an equivalent
way reduced in to the Volterra integral equation of the second kind with respect to

71 (%)

7 (z) — /]lf[l(:ﬂ,t)T{ (t)dt = &1 (x), (x,0) €.y

. (3.59)

where

XZ

M1(x,t) = di(t) + d1(z)dz,D1(X) = —2¢1(X) + 7%(0).

t

From this, by virtue of (1.12), we conclude that

®4(x) € C [0, ki]'C? (0, k1), M1(x,t) € C ([0,k1] x [0,ki]).  (3.6)

According to the theory of Volterra type integral equations of the second kind,
we conclude that the integral equation (3.5) is uniquely solvable in the class C [0,ki]

N C2(0,ky) and its solution is given by the formula

T

(@) = By (2) + / M (2, )@ (D)dt,  (2,0) € J,
0 : (3.7)
where M y(x,t) is resolvent- kernel of My(x,t).

Integrating (3.7) from 0O to x considering 7:(0) = 0, we have
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T

T1 (1‘) =f@l(t)dt+/dt/ﬂi’l(t,z)‘bl(z)dz,

0 (x,0) € J 1,(3.8)
Based on (3.6), from (3.8) we conclude that
ni(x) € C* (1) [)C* (J1), (3.9)
Now, putting in (3.8) x = k; owing to z; (k1) = 0 and the form of the function

®,(x), we find an unknown constant % (0):

k1 ket
2| [ (t)dt + [dt [ M(t, z)er (2)dz
0 b0

1 (0) = a——
ki + detofM'l(t,z)dz (3.10)
Based on (1.11), it follows that the resolvent-kernel is also positive, i.e. M 1(x,t)
>0, V x,t € [0,k;]. Hence, the denominator of formula
(3.10) for any 0 < x <k;,0 <t <kj does not vanish, that is

k1 t
ko + [ dt [ My(t,z)dz > 0
0 0 .

Solving the problems (3.3) and (3.4), we represent in the form

L—m

1

() = co(e”—eM)— 2 [/ ety () dt — &y (z) + (51(k1)] J(7,0) €Ty

(3.11),
where

+ ¢1(0)

= Lfl ! 10"y (t) dt — 61 (1) + 01(ky)

1

Cp =
e—ekt

By virtue (1.12), from (3.11) we conclude that
71(x) € C1(J 2)'\C%(J2). (3.12)
Supplying (3.8) and (3.11) into (2.9) and (2.10) respectively, considering (1.12),
(2.13), (3.9), (3.12) we define the function v; (x) from the class
v (x) € C (1) NC (1) and vy (x) € C (J2) NC* (). (3.13)
Eliminating v, (y) and considering (4), (1.11), (2.6), from (2.12), (2.21) and
(2.13), (2.21) respectively, we obtain the integral equation with respect to7 (v):

() + f Ka(y, )7 (n) dy = Fa(y), (0,9) €
0 (3.14)
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and

 (y) + / Ka(y,m)7h (n)dn = Fa(y), (0,9) € I
0

. (3.15)
where ,
Kaly,t) = fzj((;)) " dg(lyf.% . (3.16)
(B.17) Kaly.t) = 1+ Ki(y.0))/v/x(y — 1),
Fx(y)=[2¢% () - F (3.18)
1,¢"11)Vdx(y)
F3(y) = 20%0)1 = po) + F)
0,¢°1,71). (3.19)
Based on!™* "“ """ = for any fixed ¢ > 0, considering (1.11),
(1.12), (1.13), (3.9), (3.12) we conclude that
1) Ka(y,t) is continuously in {(y,t) : 0 <t <y <k} and withy — t admits an
estimate
[Ka(y, 1)] < const(y — ) *; (3.20)
2) Ks(y,t) is continuously in {(y,t) : ko<t <y <h} and withy — t admits an
estimate
|K3(y. 1)] < const(y — ) *; (3.21)
3)

F2(y) € C [0,kz2] N C2(0,kz) and F(y) € C [kz,h] N C2(ky,h). (3.22)

Thus, taking (3.20), (3.21) and (3.22) into account, equation (3.14) and (3.15)
are Volterra type integral equations of the second kind with a weak singularity.

According to the theory of Volterra type integral equations of the second kind
[10], we conclude that the integral equations (3.14) and (3.15) are uniquely solvable
in the class C [0,k,]JNC? (0,k2) and C [ko,h]NC2 (ky,h), respectively, and their solution
is given by

72 (y) = Fa(y) - f By, 1)Fs (t)dt. (0,) € T 023
/ 3.23
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and

Hﬂw:EMﬂjf&wﬁE&MMQMEB .

where Kj(y,t) resolvent- kernel of Kj(y,t)(j = 2,3).
Using by 7, (0) =0, 7> (k2) = 0 from (3.23) and (3.24) we find the function z, (y):
T (y) = Fy(t) — | Ka(t,2)Fa(z)dz pdt, (0,y) € I
J{oo- frn}

0

(3.25)

and
Y

mw=[{ﬂm—/mmAme}mmmeB
0

a (3.26)
and it belongs to the class
2(y) € C 1[0,kz] N C%(0,kz) and 7o(y) € Ct[ko,h] N C?(ko,h).  (3.27)
Substituting (3.27) into (2.12) and (2.13) owing to (4), (1.12), (1.13), (2.2), (3.25),
(3.26) we define that the function v,(y) from the class
va(y) € C [0, ki]'C (0, ki) and va(y) € C [ka,h] N Ct (kz,h). (3.28)
Thus, the solution of the BS-problem can be restored in domain D; as a solution
of the first boundary-value problem for equation (1.1) (see (2.15)),
and in domains D; (j = 2,3) as a solution of the Cauchy problem for equation
(1.2).
Thus, the BS-problem is uniquely solvable.
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